Abstract. For a field F of characteristic zero and an additive subgroup G of F, a Lie algebra B(G) of Block type is defined with basis
§1. Introduction
Block [B] introduced a class of infinite dimensional simple Lie algebras over a field of characteristic zero. Generalizations of Block algebras (usually referred to as Lie algebras of Block type) have been studied by many authors (see, for example, [DZ, LT, S1, S2, X1, X2, WZ, ZM] ). Partially because they are closely related to the Virasoro algebra (and some of them are sometimes called Virasoro-like algebras), these algebras have attracted some attention in the literature.
Let F be a field of characteristic 0 and G an additive subgroup of F. The Lie algebra B(G)
of Block type considered in this paper is the Lie algebra with basis {L α,i , c | α ∈ G, i ∈ Z , Then B(G) = ⊕ α∈G B(G) α is G-graded (but not finitely graded). Throughout this paper, we fix a total order " ≻" on G compatible with its group structure. Denote Note that B(G) 0 = span{L 0,i | i ≥ −1} ⊕ Fc is a commutative subalgebra of B(G) (but it is not a Cartan subalgebra).
A B(G)-module V is quasifinite if V is finitely G-graded, namely,
Quasifinite modules are closed studied by some authors, e.g., [KL, KR, S1, S2] . In [S1] , it is proved that a quasifinite irreducible B(Z )-module is a highest or lowest weight module and the quasifinite irreducible highest weight modules are classified. The main result of this paper is the following.
Theorem 1.1 (1) An irreducible highest weight B(Z )-module is quasifinite if and only if
it is a proper quotient of a Verma module. Let U = U(B(G)) be the universal enveloping algebra of B(G). For any Λ ∈ B(G) * 0 (the dual space of B(G) 0 ), let I(Λ, ≻) be the left ideal of U generated by the elements
Then the Verma B(G)-module with respect to the order "≻" is defined as
By the PBW theorem, it has a basis consisting of all vectors of the form
where v Λ is the coset of 1 in M(Λ, ≻), and
where M 0 = Fv Λ , and M α for α ≺ 0 is spanned by
We call a nonzero vector u ∈ M α a weight vector with weight α. For any a ∈ G, denote
2)
The order " ≻" is called dense if
Proof of Theorem 1.1 (2) and (3) . (2) Suppose the order " ≻" is dense. For each m ∈ N = {1, 2, ...}, set
Let u 0 = 0 be any given weight vector in M(Λ, ≻). We want to prove that v Λ ∈ U(B(G))u 0 if Λ = 0. We divide the proof into four steps:
Step 1. We claim that there exists some weight vector u ∈ U(B(G))u 0 such that, for
where 0 ≺ ε r ≺ · · · ≺ ε 1 , and 0 = a k ∈ F for some k = (k r , · · · , k 1 ).
It is clear that u 0 ∈ V r \ V r−1 for some r ∈ N. If r ≤ 1, our claim clearly holds. So we assume that r > 1. Hence we can write
where α = (α 1 , ..., α r ), i = (i 1 , ..., i r ), and we denote
Similarly, for any i and i
be the unique maximal element in I. Then we can write β as β = (β 1 , ..., β s , β r , ..., β r ) for some s ∈ {1, ..., r}.
By the assumption that " ≻ " is a dense order, we can always find some ε 1 ∈ G + such that
Using relations (1.1), and noting that
for some a
The coefficient corresponding to
Now for p = 2, · · · , r, we define recursively and easily prove by induction that
Now our claim follows immediately by letting p = r.
Step 2. We claim that there exists some weight vector u ∈ U(B(G))u 0 such that, for
where k j ≥ −1, and 0 ≺ ε r ≺ · · · ≺ ε 1 .
By
Step 1, there exists some weight vector u ∈ U(B(G))u 0 such that, for some r ∈ N,
where 0 ≺ ε r ≺ · · · ≺ ε 1 and
be the unique maximal element in K (recall (2.7)). Assume that K is not a singleton. Then
The term
Using the same arguments as above and the induction on max{k r + · · ·+ k 1 | a k = 0}, we see that there exists some weight vector u ∈ U(B(G))u 0 such that
Using the same arguments as in Step 1, we can prove the claim.
Step 3. We claim that there exists some
Step 2, there is a weight vector u ∈ U(B(G))u 0 such that
). By relations (1.1), we have
where in general f (x) and g a,i (x) are determinants:
Since deg f (x) = r > deg g α,i (x) for all α ∈ I 0 , we can find ε ∈ G + with ε ≺ j (0) such that
So we obtain some vector
and induction on max{i 1 , · · · , i n }, one can deduce that there exists some ε ′ ≺ ε such that
This proves our claim.
Step 4. We claim that if there exists some
Our claim follows.
Step 3, we have
it is easy to see that v Λ ∈ U(B(G))u 0 if Λ = 0, hence in this case, M(Λ, ≻) is irreducible.
On the other hand, if Λ = 0, then it is clear that
is a proper U(B(G))-submodule. Assume that for all x, y ∈ G + there exists a positive integer n such that nx y. By Steps 1-4, there exists ε
Thus for any z ∈ G + , using y = nε ′ z for some n ∈ N , we have
If there exists x, y ∈ G + such that N x ≺ y, then B(x) ≺ y (cf. (2.2)). It is easy to verify
(2) Suppose the order " ≻" is discrete (recall (2.4)). Note that aZ ⊆ G. For any x ∈ G,
we write x ≻ aZ if x ≻ na for any n ∈ Z . Let
Denote by B(H
it follows that the irreducibility of B(G)-module M(Λ, ≻) imply the irreducibility of B(aZ )-
Conversely, suppose M a (Λ, ≻) is an irreducible B(aZ )-module. Let u 0 / ∈ Fv Λ be any given weight vector in M(Λ, ≻). Then u 0 ∈ V r \ V r−1 for some r ∈ N. We want to prove that
for some aᾱ ,j ∈ F, where j t ≥ j t+1 if α t = α t+1 , and j
, and
By assumption,Ī = ∅.
For any
, be the unique maximal element inĪ with respect to ≻ ′ . Note that β
ThusĪ (1) = ∅. Now for l = 2, · · · , r, we define recursively and prove by induction that 
, where the prime stands for the derivative
We denote
Then ( 
Clearly, B(Z ) + ⊂ A, and P is a subalgebra of B(Z ). such that (β, j)
